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Abstract
A new representation —which is similar to the Bargmann representation— of the
creation and annihilation operators is introduced, in which the operators act like
“multiplication with” and like “derivation with respect to” a single real variable. The
Hilbert space structure of the corresponding states space is produced and the rela-
tions with the Schroedinger representation are derived. Possible connections of this
new representation with the asymptotic wave functions of the gauge-fixed quantum
Chern-Simons field theory and (2+1) gravity are pointed out. It is shown that the
representation of the fields operator algebra of the Chern-Simons theory in the Landau
gauge is not a ∗-representation; the consequences on the evolution of the states in the
semiclassical approximation are discussed.
11. Introduction
The creation and annihilation operators that are associated with the one-particle states play
a fundamental role in the perturbative approach to quantum field theories. The algebraic
relations among these operators can be illustrated in the context of quantum mechanics. If
q and p are canonical conjugated variables of a one-dimensional quantum mechanical system
with [q, p] = i, one can introduce the annihilation a− and creation a+ operators
a− =
1√
2
(q + ip) , a+ =
1√
2
(q − ip) , (1)
satisfying the commutation relation
[a−, a+] = 1 . (2)
In addition to the standard Schroedinger representation, the commutation relation (1.2)
admits the Bargmann representation [1] in which the operators
a− =
∂
∂z
, a+ = z (3)
act on the space FA of the analytic functions —in the complex plane— of the complex
variable z and the inner product in FA is given by
(f, g) =
1
π
∫
f(z) g(z) e−zz dz dz . (4)
It is the purpose of the present paper to show that the defining relation (1.2) also admits
the representation in which the operators
a− =
∂
∂x
, a+ = x (5)
act on the space of the functions of the real variable x that are the restriction on the real
axis of analytic functions in the complex plane.
The spaces of the wave functions for the ket and bra state vectors of the representation
(1.5) will be described in detail and their connection with the conventional Hilbert space H of
the Schroedinger representation will be studied. The interplay between the Schroedinger and
the new representations of the creation and annihilation operators will be used to describe
certain representations of the fields operator algebra —which are not ∗-representations— that
find a realization in the topological quantum Chern-Simons field theory and (2+1) gravity
in the Landau gauge. The wave functions associated with the asymptotic states of the gauge
fixed theory will be described; it will be argued that, in the semiclassical approximation, a
nontrivial time evolution of the fields must always take place.
22. The representation
Let D be the algebra generated by the powers of a− and a+ modulo the relation [a−, a+] = e
where e denotes the unit element of D. As shown in Appendix A, the algebraic structure
of D can be used to settle a relation between the linear spaces of ket and bra vectors and
certain elements of D. Given a ket vector |e〉 and a bra vector 〈e| satisfying
a−|e〉 = 0 , 〈e|a+ = 0 , (6)
and
〈e|e〉 = 1 , (7)
the space V− of ket vectors admits a basis given by the set of vectors {|n〉 = (an+/
√
n!)|e〉}
(with n = 0, 1, 2, ...). The vectors {〈m| = 〈e|(am−/
√
m!)} form a basis in the space V+ of bra
vectors, and the pairing between V− and V+ is determined by 〈m|n〉 = δmn. The algebra D
is usually equipped with a ∗-involution given by
a∗− = a+ , a
∗
+ = a− . (8)
The algebra generated by the operators a− = ∂/∂x and a+ = x, acting on the functions
of the real variable x, is isomorphic with D. The wave function ψ0(x) which represents the
ket vector |e〉 is essentially fixed by the condition a−|e〉 = 0,
∂
∂x
ψ0(x) = 0 =⇒ ψ0(x) = 1 . (9)
Similarly, for the representative φ0(x) of the bra vector 〈e| satisfying 〈e|a+ = 0, one finds
φ0(x)x = 0 =⇒ φ0(x) = δ(x) . (10)
The condition 〈e|e〉 = 1 is indeed fulfilled
1 = 〈e|e〉 = 〈0|0〉 ↔
∫ +∞
−∞
φ0(x)ψ0(x) dx =
∫
δ(x)1 dx = 1 . (11)
The wave functions that represent the ket vectors |n〉 ∈ V− are |n〉 ↔ ψn(x) = xn/
√
n!
(with n = 0, 1, 2, ...). The functions {ψn(x)} constitute a basis for the linear space G− of
the wave functions associated with the ket state vectors. As far as the bra vectors 〈m| ∈
V+ are concerned, the corresponding wave “functions” (distributions) are 〈m| ↔ φm(x) =
(−1)mδ(m)(x)/√m! (with m = 0, 1, 2, ...). The elements {φm(x)} compose a basis for the
linear space G+ of the distributions that represent the bra state vectors. By construction,
the elements ψn(x) ∈ G− and the elements φm(x) ∈ G+ verify
δmn = 〈m|n〉 ↔
∫
φm(x)ψn(x) dx = δmn . (12)
3The conventional Hilbert space structure of the space V− is determined by the antilinear
isomorphism σ : V− → V+ which is defined by σ|n〉 = 〈n|. With the notation σ|u〉 = 〈uσ|,
the inner product in V− of the element |u〉 and the element |v〉 is given by 〈uσ|v〉. Thus the
canonical Hilbert space structure of G− is induced by
σ : ψn(x)→ φn(x) . (13)
The decomposition of a generic wave function ψA(x) ∈ G− with respect to the elements of
the basis {ψn(x) = xn/
√
n!} of G− takes the form
ψA(x) =
∑
n
cn√
n!
xn , (14)
where cn are complex coefficients. According to the correspondence (13), the wave function
σ ψA(x) can be written as
σ ψA(x) =
∑
n
cn√
n!
(−1)nδ(n)(x) = 1
2π
∫
ψA(ik)e
ikxdk . (15)
Consequently the inner product 〈ψB|ψA〉 of two wave functions ψB(x) ∈ G− and ψA(x) ∈ G−
—where 〈ψB | is represented by the wave function σ ψB(x)— is given by
〈ψB |ψA〉 = 1
2π
∫
ψB(ik)ψA(x) e
ikx dx dk . (16)
Equation (16) takes the place of expression (4), which is valid for the inner product in
the Bargmann representation. The wave function ψA(x) has finite norm when |ψA|2 =
〈ψA|ψA〉 =
∑
n |cn|2 is finite; in this case ψA(x) ∈ G− is the restriction on the real axis x ∈ R
of a analytic function in the complex plane. This naturally fits the analytic structure [1] of
the Bargmann representation.
In the new representation, the annihilation and creation operators a− = ∂/∂x and a+ = x
act on the linear space G− equipped with the inner product (16); these operators satisfy
[a−]
†
= a+ , [a+]
†
= a− . (17)
Then if a∗− = a+ (a
∗
+ = a−), this representation is a *-representation of the algebra D.
The new representation admits several variants; for instance, the choice a− = x and a+ =
−∂/∂x constitutes the mirror of the representation (5). For each couple of real parameters
x0 and k0, one can also introduce the nonstandard representation
a− =
∂
∂x
− ik0 , a+ = x− x0 , (18)
4in which the wave functions of the fundamental ket and bra vectors are
G− ∋ ψ0(x) = eik0(x−x0) , G+ ∋ φ0(x) = δ(x− x0) . (19)
A distinctive feature of the ket and bra wave functions of the representation (5) can be
expressed by saying that, given a couple of “conjugated” (in a generalized sense) variables
like ζ and ∂/∂ζ, the ket wave functions ψ ∈ G− depend for instance on the values of the
“position” variable ζ exclusively, whereas the bra wave functions φ ∈ G+ only depend on the
proper values of the corresponding “momentum” ∂/∂ζ.
3. Connection with the Schroedinger representation In the Schroedinger representation,
where q = x and p = −i∂/∂x, the operators
a− = (x+ ∂/∂x)/
√
2 , a+ = (x− ∂/∂x)/
√
2 (20)
act on the space H of the wave functions of the real variable x; the normalized wave function
f0(x) which is associated with the vector |e〉 is
f0(x) = (1/π)
1/4 exp(−x2/2) . (21)
The representation of a− and a+ of Section 2 is physically equivalent to the Schroedinger
representation. The creation and annihilation operators of the Schroedinger representation
can be obtained from the operators a− = ∂/∂x and a+ = x by means of a π/4 rotation in
the (x, ∂/∂x) plane
x+ ∂/∂x√
2
= V (∂/∂x)V −1 ,
x− ∂/∂x√
2
= V xV −1 , (22)
where
V = exp
[
−π
8
(
x2 +
∂2
∂x2
)]
. (23)
Given the vector |A〉 = ∑n=0 cn |n〉 ∈ V−, let fA(x) ∈ H and ψA(x) ∈ G− be the cor-
responding normalized wave functions in the Schroedinger representation and in the new
representation respectively. In agreement with equations (22) one finds
ψA(x) = (2π)
1/4 V −1fA(x) . (24)
In order to prove equation (24) one only needs to consider the case in which fA(x) = f0(x)
and ψA(x) = ψ0(x). It is convenient to use the method presented by Bellazzini, Mintchev and
Sorba in [2]. The operators {Q = x2, R = ∂2/∂x2, S = −2− 4x(∂/∂x)} generate the algebra
with structure constants [Q,R] = S, [S,Q] = −8Q and [S,R] = 8R; thus in a neighborhood
of the identity one has
eα(Q+R) = eg(α)Q eh(α)R ek(α)S , (25)
5where α is a real parameter and g(α), h(α) and k(α) are suitable functions of α. The
derivation of both sides of equation (25) with respect to α determines three differential
equations for the functions g(α), h(α) and k(α)
1 = g′(α) + 4 (h′(α)− 8k′(α)h(α)) g2(α) + 8k′(α)g(α) ,
1 = h′(α)− 8k′(α)h(α) ,
0 = g(α) (h′(α)− 8k′(α)h(α)) + k′(α) .
(26)
Equations (26) follow from the structure constants of the algebra generated by Q, R and S
exclusively. The integration of equations (26) produces the result
g(α) = 1
2
tg(2α) , h(α) = 1
4
sin(4α) ,
k(α) = 1
4
ln | cos(2α)| , (−π/4 < α < π/4) .
(27)
When α = −π/8, equation (25) gives
e−(pi/8)(x
2+∂2/∂x2) · 1 = 21/4e−x2/2 . (28)
By taking into account equation (21) and the definition (23), one finds that equation (28) is
equivalent to V ψ0(x) = (2π)
1/4f0(x), and this concludes the proof of equation (24).
The connection between the Schroedinger representation and the representation of Sec-
tion 2 is determined by equation (24); the connections between the Schroedinger and the
Bargmann representations have been derived in [1].
4. Field theory perspectives
The linear spaces G− and G+ of the wave functions for ket and bra vectors —presented in
the previous sections— can find applications not only in representation theory but also in
the solution of dynamical issues in quantum systems. The remaining part of this paper is
dedicated to this topic. The three dimensional quantum field theory which is defined by the
Chern-Simons lagrangian will be considered as an illustrative example. In field theories one
has to do with an infinite number of degrees of freedom and consequently with an infinite
number of creation/annihilation operators. The creation and annihilation operators of the
new representation may act by “multiplication with” and “derivation with respect to” the
variables which are associated with the modes of field configurations.
4.1. Vacuum rearrangement In the following exposition, the Fock space F canonically
associated with the annihilation and creation operators a− and a+ will conventionally mean a
linear space spanned by {|n〉 = (an+/
√
n!)|0〉} (with n = 0, 1, 2, ...) —where the vector |0〉 ∈ F
satisfies a−|0〉 = 0— equipped with the scalar product 〈m|n〉 = δmn so that, with respect
to the the antilinear isomorphism σ|n〉 = 〈n|, hermitian conjugation acts as [a−]† = a+
6([a+]
†
= a−). The action of the ∗-involution on the creation/annihilation operators is not
fixed a priori. Examples will be presented in which a∗− 6= a+ (a∗+ 6= a−); in this case, the
representation of a− and a+ defined in F does not give a ∗-representation of the operator
algebra. Consequently, the vacuum functional —which is given by the mean value of the
operators with respect to |0〉 ∈ F— may not necessarily be positive with respect to the
∗-involution but it will always be positive with respect to the hermitian conjugation.
In order to illustrate how representations of the operator algebra that are not ∗-repre-
sentations may take place, let us assume that, in a given model, (a+, a−) and (b+, b−) are
two couples of creation/annihilation operators, with the a-operators commuting with the
b-operators. The linear combinations
α− =
1
2
(a− − a+ + b− − b+) , α+ = 12 (a− + a+ + b− + b+)
β− =
1
2
(a− − a+ − b− + b+) , β+ = 12 (a− + a+ − b− − b+)
(29)
maintain the commutation relations and define two couples (α+, α−) and (β+, β−) of cre-
ation/annihilation operators. When (a−, a+) and (b−, b+) are expressed in the Schroedinger
representation (20), (α−, α+) and (β−, β+) are creation/annihilation operators in the repre-
sentation (5). If the star involution acts as a∗− = a+ and b
∗
− = b+, then one finds α
∗
− = −α−,
α∗+ = α+ and similarly β
∗
− = −β−, β∗+ = β+.
The Fock space F1 which is canonically associated with (a−, a+) and (b−, b+) furnishes the
operator algebra with a ∗-representation. Instead, the representation of the operator algebra
in the Fock space F2, which is canonically associated with (α−, α+) and (β−, β+), is not a ∗-
representation. The Fock space F1 differs from F2, indeed relations (29) define a generalized
Bogoliubov transformation [3] and the change F1 → F2 corresponds to a rearrangement of
the vacuum structure. Bogoliubov transformations usually do respect the adjoint whereas
transformations (29) do not, for this reason equations (29) are called generalized Bogoliubov
transformations.
In quantum field theories, the space of ket vectors and the space of bra vectors are usually
related with the asymptotic behavior of the solutions of the equations of motion for the clas-
sical field variables and may also correspond to the asymptotic states spaces of incoming and
outcoming particles in scattering processes. The ket and bra wave functions for the so-called
one-particle states determine the quantum numbers of the creation/annihilation operators
which enter the mode decomposition of the field operators in the interaction picture; there-
fore a change of the asymptotic Fock spaces —as the change F1 → F2 mentioned above— in
general modifies the expectation values of the observables and it may modify the interpre-
tation of the physical content of the model. The vacuum rearrangement which is associated
with the introduction of the new creation/annihilation operators (29) and the change of the
states spaces F1 → F2 is somehow similar (but it is not equal) to the introduction of the
Dirac sea for fermions; the vacuum settlements discussed in the following sections concern
bosonic states.
4.2. Field operators in Chern-Simons theory One encounters the representation (5) —for
an infinite number of a− and a+— in the canonical quantization in R
3 of the Chern-Simons
7theory in the Landau gauge [4], when a Fock space representation [5] of the field operators
—in the interaction picture— is displayed. The lagrangian density of the model (defined in
R
3) is
L = 1
2
εµνρAaµ∂νA
a
ρ + ∂µB
aAaν η
µν + ∂µc
a∂νc
a ηµν
− 1
6
gεµνρ fabcAaµA
b
νA
c
ρ − gfabd ∂µcaAbνcd ηµν ,
(30)
where the vector fields Aaµ(x) represent the gauge connection, B
a(x) is called the auxiliary
field, {fabc} are the structure constants of the gauge group SU(N), g is the coupling constant
and ηµν denotes the background metric which enters the gauge fixing terms exclusively. The
ghost ca(x) and antighost ca(x) operators admit the standard mode decomposition in terms
of creation and annihilation operators like in ordinary (non-topological) gauge theories. Let
us consider the field operators Aaµ(x) and B
a(x); assuming that the third component x3 = t
of the cartesian coordinates xµ = (x1, x2, x3) of R3 represents the “time” component, one
can write
Aa1(x) =
∫
d2k
2π
1√
2
{
cos θk
[
ua−(k, t)e
ikx + ua+(k, t)e
−ikx]
− sin θk
[−iua−(k, t)eikx + iua+(k, t)e−ikx]
}
,
(31)
Aa2(x) =
∫
d2k
2π
1√
2
{
cos θk
[−iua−(k, t)eikx + iua+(k, t)e−ikx]
+ sin θk
[
ua−(k, t)e
ikx + ua+(k, t)e
−ikx]} ,
(32)
Aa3(x) =
∫
d2k
2π
1√
2
{
− iva−(k, t)eikx + iva+(k, t)e−ikx
}
, (33)
Ba(x) =
∫
d2k
2π
1√
2
{
va−(k, t)e
ikx + va+(k, t)e
−ikx
}
, (34)
where eikx = exp[i(k1x
1 + k2x
2)] and cos θk = k1/k , sin θk = k2/k , k =
√
k21 + k
2
2 . In the
mode decomposition (31)-(34) one may require that the ∗-involution acts as[
ua−(k, t)
]∗
= ua+(k, t) ,
[
va−(k, t)
]∗
= va+(k, t) , (35)
so that the field operators that represent the real vector fields Aaµ(x) and the real auxiliary
field Ba(x) verify [
Aaµ(x)
]∗
= Aaµ(x) , [B
a(x)]
∗
= Ba(x) . (36)
Suppose now that the gauge-fixing metric has euclidean signature and that, in order to
simplify matters, ηµν coincides with the 3×3 identity matrix, ηµνdxµdxν = (dx1)2+(dx2)2+
(dt)2. The time evolution of {ua±(k, t)} and {va±(k, t)} is uniquely determined by the free
equations of motion
εµνρ∂νA
a
ρ(x) + ∂
µBa(x) = 0 , ∂µAaµ(x) = 0 ; (37)
8one finds
ua−(k, t) = u
a
−(k) Ch(kt)− va+(−k) Sh(kt) , va−(k, t) = va−(k) Ch(kt)− ua+(−k) Sh(kt) ,
ua+(k, t) = u
a
+(k) Ch(kt)− va−(−k) Sh(kt) , va+(k, t) = va+(k) Ch(kt)− ua−(−k) Sh(kt) .
(38)
The couples of conjugated field variables are determined by the variations of the action S
δS
δ(∂tA
a
1(x))
= Aa2(x) ,
δS
δ(∂tBa(x))
= Aa3(x) ; (39)
the rules of the canonical quantization give
[Aa1(x, t), A
b
2(y, t)] = iδ
ab δ(x− y) = [Ba(x, t), Ab3(y, t)] , (40)
and all the remaining equal-time commutators must vanish. In agreement with the canonical
commutation relations (40), one has
[
ua−(k), u
b
+(p)
]
= δabδ(k − p) = [va−(k), vb+(p)] ,[
ua−(k), v
b
−(p)
]
=
[
ua−(k), v
b
+(p)
]
= 0 ,[
ua+(k), v
b
−(p)
]
=
[
ua+(k), v
b
+(p)
]
= 0 ,
(41)
which show that ua±(k) and v
a
±(k) represent creation/annihilation operators, with ∗-involu-
tion
[
ua−(k)
]∗
= ua+(k) and
[
va−(k)
]∗
= va+(k).
Let F1 be the Fock space which is canonically associated with the operators ua±(k) and
va±(k); the representation of the operator algebra on F1 is a ∗-representation. The “vacuum”
vector |ω〉 ∈ F1 fulfills ua−(k)|ω〉 = 0 and va−(k)|ω〉 = 0. The mean values of the product of
the field operators (31)-(34) computed with respect to |ω〉 are not invariant under time trans-
lations. Moreover the two-point functions, for instance, which are computed with respect to
|ω〉 (and which are not vanishing) are not well defined since they are formally infinite.
Let us consider then the new creation/annihilation operators α±(k) and β±(k) which are
defined by means of the relations
αa−(k) =
1
2
[
ua−(k) + v
a
+(−k) + va−(k) + ua+(−k)
]
,
αa+(k) =
1
2
[
ua+(k)− va−(−k) + va+(k)− ua−(−k)
]
,
βa−(k) =
1
2
[
ua−(k) + v
a
+(−k)− va−(k)− ua+(−k)
]
,
βa+(k) =
1
2
[
ua+(k)− va−(−k)− va+(k) + ua−(−k)
]
.
(42)
The nonvanishing commutators are
[
αa−(k), α
b
+(p)
]
= δabδ(k − p) = [βa−(k), βb+(p)]. The
∗-involution takes the form[
αa−(k)
]∗
= αa−(−k) ,
[
αa+(k)
]∗
= −αa+(−k) ,[
βa−(k)
]∗
= −βa−(−k) ,
[
βa+(k)
]∗
= βa+(−k) .
(43)
9Let F2 be the Fock space which is canonically associated with α±(k) and β±(k); the rep-
resentation of the operator algebra on F2 is not a ∗-representation. The “vacuum” vector
|0〉 ∈ F2 is defined by α−(k)|0〉 = 0 and β−(k)|0〉 = 0 and describes a stationary state. The
expectation values of the field operators computed with respect to |0〉 ∈ F2 are invariant
under time translations; in particular, the vacuum expectation values of the time-ordered
product of two field operators (31)-(34) coincide [5] with the components of the Feynman
propagator in the Landau gauge which can also be obtained [4], for instance, by means of
the path-integral quantization. This implies that the expectation values of the Wilson line
operators that are computed —in perturbation theory— with respect to |0〉 ∈ F2 correspond
precisely to the link invariants [6,7,8] of the Chern-Simons theory in R3.
Conditions αa−(k)|0〉 = 0 and βa−(k)|0〉 = 0 (for any k) are equivalent to the conditions[
ua−(k) + v
a
+(−k)
] |0〉 = 0 and [ua+(k) + va−(−k)] |0〉 = 0. Let the annihilation and creation
operators ua−(k) and u
a
+(k) be represented in the Schroedinger representation by (ζ
a
k +
∂/∂ζak)/
√
2 and (ζak − ∂/∂ζak )/
√
2 for a certain real variable ζak ; similarly, let v
a
−(−k) and
va+(−k) be represented by (ηak + ∂/∂ηak)/
√
2 and (ηak − ∂/∂ηak)/
√
2. Then, the vector |0〉
satisfies
(ζak + η
a
k) |0〉 = 0 , (∂/∂ζak − ∂/∂ηak) |0〉 = 0 . (44)
Similarly, conditions 〈0|αa+(k) = 0 and 〈0|βa+(k) = 0 imply
〈0| (ζak − ηak) = 0 , 〈0| (∂/∂ζak + ∂/∂ηak) = 0 . (45)
Equations (44) and (45) show that, as far as each variable ζak+η
a
k is concerned, the wave func-
tion associated with |0〉 is an eigenfunction of the “position” (ζak+ηak), while the wave function
associated with 〈0| is an eigenfunction of the corresponding “momentum” ∂/∂(ζak + ηak). In
similar fashion, as far as each ζak −ηak variable is concerned, the wave function corresponding
to 〈0| is an eigenfunction of the “position” (ζak − ηak) while the wave function of |0〉 is an
eigenfunction of the corresponding “momentum” ∂/∂(ζak − ηak). Therefore, the asymptotic
spaces of the bra and ket wave functions —associated with the creation/annihilation oper-
ators (42)— have the typical features of the spaces G− and G+ discussed in the previous
sections. For this reason one can say that, when the operators ua±(k) and v
a
±(k) are ex-
pressed in the Schroedinger representation, α±(k) and β±(k) take essentially the form of
the creation/annihilation operators in the representation (5), with the ∗-involution given in
equation (43).
To sum up, it turns out that the creation/annihilation operators that canonically de-
fine the Fock space F2 of the Chern-Simons theory in the Landau gauge are related to the
creation/annihilation operators which enter the mode decomposition of the field operators
—satisfying the reality condition (36)— by means of the generalized Bogoliubov transforma-
tions (42).
Equivalently, it turns out that the representation of the creation/annihilation operators,
that canonically define the Hilbert space of the Chern-Simons theory in the Landau gauge,
cannot be a ∗-representation of the fields operator algebra with respect to the ∗-involution
10
which is defined by the reality condition (36) for the bosonic fields Aaµ(x) and B
a(x). This
indicates that in the topological quantum field theories of the Chern-Simons type the struc-
ture of the asymptotic state spaces is different from the vacuum structure of conventional
non-topological field theories.
4.3. Minkowski signature When the gauge-fixing metric ηµν has Minkowski signature, the
time evolution is generated by an hermitian hamiltonian operator and, for this reason, one
can find partial similarities between the Chern-Simons equations of motion and the standard
elementary particles dynamics. So in this section let us consider the case in which
ηµνdx
µdxν = −(dx1)2 − (dx2)2 + (dt)2 . (46)
With the choice (46) of the gauge-fixing metric, the vacuum expectation values of the Wilson
line operators are not expressed in terms of conventional link invariants. The reason is that
the topology which is induced by the “distance” (46) in R3 is not equivalent to the standard
topology which is employed in knot theory. For instance, the Feynman propagator for the
Aaµ(x) fields in the Landau gauge —computed with the metric (46)— is no more given by
the Gauss linking number expression that one obtains with euclidean signature. However,
for the purposes of the present paper, the interest in the metric (46) does not concern the
expectation values of the Wilson line operators; only the vacuum structure of the theory, in
connection with the representation of the fields operator algebra, will be considered.
The field decomposition (31)-(34) together with the reality conditions (35) and (36) re-
main valid. The time evolution of {ua±(k, t)} and {va±(k, t)}—which is uniquely fixed by the
free equations of motion— now takes the form
ua−(k, t) = u
a
−(k) cos(kt) + v
a
−(k) sin(kt) , v
a
−(k, t) = v
a
−(k) cos(kt)− ua−(k) sin(kt) ,
ua+(k, t) = u
a
+(k) cos(kt) + v
a
+(k) sin(kt) , v
a
+(k, t) = v
a
+(k) cos(kt)− ua+(k) sin(kt) ,
(47)
where the creation/annihilation operators {ua±(k)} and {va±(k)} satisfy the commutation
relations (41) and
[
ua−(k)
]∗
= ua+(k),
[
va−(k)
]∗
= va+(k).
The “vacuum” vector |ω〉 of the Fock space F1, which is canonically associated with
{ua±(k, t)} and {va±(k, t)}, corresponds to a stationary state but this state is not stable.
Indeed, let H0 denote the free hamiltonian and let E0 represent the energy of |ω〉, H0|ω〉 =
E0|ω〉; the state vector
(
ua+(k, t) + iv
a
+(k, t)
)N |ω〉 = eitH0 (ua+(k) + iva+(k))N e−itH0 |ω〉
= e−iNkt
(
ua+(k) + iv
a
+(k)
)N |ω〉 (48)
has energy EN (k) given by
EN (k) = E0 −Nk . (49)
By varying N , EN (k) can assume arbitrarily large negative values, limN→∞ EN (k) = −∞.
Note that the combinations ua+(k, t)−iva+(k, t) would give positive energies, so that redefining
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H0 → −H0 would not solve the problem. Therefore in the framework of the standard ∗-
representations of the field operator algebra, the energy spectrum is not bounded below and
consequently this field theory model —with the vacuum structure given by F1— cannot
describe a real (stable) quantum mechanical system.
On the other hand, let us consider the following creation/annihilation operators
αa−(k) =
1
2
[
ua−(k) + iv
a
−(k) + u
a
+(−k) + iva+(−k)
]
,
αa+(k) =
1
2
[
ua+(k)− iva+(k)− ua−(−k) + iva−(−k)
]
,
βa−(k) =
1
2
[
ua−(k) + iv
a
−(k)− ua+(−k)− iva+(−k)
]
,
βa+(k) =
1
2
[
ua+(k)− iva+(k) + ua−(−k)− iva−(−k)
]
,
(50)
with nonvanishing commutators
[
αa−(k), α
b
+(p)
]
= δabδ(k− p) = [βa−(k), βb+(p)], that diag-
onalize the free time evolution (47)
αa±(k, t) = α
a
±(k)e
±ikt , βa±(k, t) = β
a
±(k)e
±ikt . (51)
The ∗-involution acts as
[
αa−(k)
]∗
= βa+(k) ,
[
αa+(k)
]∗
= βa−(k) ,[
βa−(k)
]∗
= αa+(k) ,
[
βa+(k)
]∗
= αa−(k) .
(52)
Let F2 be the Fock space which is canonically associated with α±(k) and β±(k); the rep-
resentation of the operator algebra defined in F2 is not a ∗-representation. Equations (51)
show that the energy spectrum that is defined with respect to the Hilbert space structure
associated with the Fock space F2 is bounded below; this means that —as far as the energy
stability is concerned— the vacuum |0〉 ∈ F2 and the annihilation/creation operators (50)
describe a stable quantum mechanical system.
The “vacuum” vector |0〉 ∈ F2 is defined by the relations α−(k)|0〉 = 0 and β−(k)|0〉 = 0
which are equivalent to the conditions
[
ua−(k) + iv
a
−(k)
] |0〉 = 0 and [ua+(k) + iva+(k)] |0〉 =
0. If the annihilation and creation operators ua−(k) and u
a
+(k) are represented by (ζ
a
k +
∂/∂ζak)/
√
2 and (ζak − ∂/∂ζak)/
√
2 and va−(k) and v
a
+(k) are represented by (η
a
k + ∂/∂η
a
k)/
√
2
and (ηak − ∂/∂ηak)/
√
2, the vector |0〉 satisfies
(ζak + iη
a
k) |0〉 = 0 , (∂/∂ζak + i∂/∂ηak) |0〉 = 0 . (53)
On the other hand, conditions 〈0|αa+(k) = 0 and 〈0|βa+(k) = 0 imply
〈0| (ζak − iηak) = 0 , 〈0| (∂/∂ζak − i∂/∂ηak) = 0 . (54)
The wave function representing the ket vector |0〉 must be an eigenfunction of the “position”
(ζak + iη
a
k) and of the “momentum” ∂/∂(ζ
a
k − iηak), whereas the wave function of the bra
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vector 〈0| must be an eigenfunction of the “momentum” ∂/∂(ζak + iηak) and of the “position”
(ζak − iηak). Again, the wave functions of the asymptotic ket and bra state spaces are mutu-
ally related —with respect to the appropriate variables— in the same way as the functions
belonging to G− and G+ are.
4.4. Semiclassical limit Traces of the peculiar vacuum structure of the topological quan-
tum field theories of the Chern-Simons type can also be found in the time evolution of
quantum states in the semiclassical —or large quantum numbers— limit. The action of the
field operators Aaµ(x) on a given quantum state |χ〉 in the large quantum numbers (LQN)
limit of quantum mechanics [9],
lim
LQN
Aaµ(x)|χ, t〉 ≃ Aaµ(x)|χ, t〉 , (55)
defines a classical field Aaµ(x) which satisfies the equations of motion (in the semiclassical
approximation). In the t→ ∓∞ limit, Aaµ(x) determines the asymptotic wave functions Ψin
and Φout that represent the ket |χ, t = −∞〉 and the bra σ|χ, t = +∞〉 respectively. The time
evolution of Aaµ(x) describes a semiclassical transition from Ψin to Φout. Since in the Chern-
Simons theory canonically quantized in the Landau gauge the representation of the operator
algebra is not a ∗-representation, the field configurations on which Ψin depends correspond to
the proper values of “conjugated” variables with respect to the field configurations on which
Φout depends; thus the transition Ψin → Φout must be realized by means of a nontrivial
time evolution in the field variables. This phenomenon, that can easily be verified for free
fields, has significant consequences in the case of interacting fields; it implies that at the
semiclassical level the quantum Chern-Simons theory necessarily describes a set of active
evolving fields. This is also confirmed by (2 + 1) gravity.
In the Chern-Simons formulation [10] of (2+1) gravity, the identification of the intrin-
sic “time” parameter is based on the structure of the gauge group ISO(2, 1). The set of
real vector fields —associated with the algebra of the group ISO(2, 1)— contains the triad
components eaµ(x), with a = 1, 2, 3, and the spin connection components ω
a
µ(x). The gauge
connection of the field theory can locally be represented by the 1-form W with value in the
algebra of the gauge group W = eaµ(x)P adxµ + ωaµ(x)Jadxµ, where P a are the generators
of the spacetime translations (corresponding to the inhomogeneous component of ISO(2, 1))
and Ja are the generators of Lorentz group SO(2, 1).
The gauge-fixed ISO(2, 1) lagrangian in the Landau gauge in the manifold R3 is given
by [11]
Lg = 12 ǫµνρeaµ
(
∂νω
a
ρ − ∂ρωaν + ǫabcωbνωcρ
)
+ ∂µbaeaµ + ∂
µdaωaµ
+ ∂µτa (Dµτ)
a
+ ∂µλa (Dµξ) + ǫabc(∂
µλa)ebµτ
c .
(56)
According to the rules of the canonical quantization, the sets of fields {eaµ(x), da(x)} and
{ωaµ(x), ba(x)}, where ba(x) and da(x) denote the auxiliary fields, represent conjugated vari-
ables. This property persists in the case of a 3-manifold of the type Σ × R which admits
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a canonical quantization. Essentially, the spin connection configurations can be understood
as the classical values of the coordinates or “positions” of quantum mechanics, whereas the
triad configurations represent the values the corresponding “momenta”. Now, as far as the
general solution of the classical equations of motion is concerned, the explicit functional de-
pendence of the fields on the spacetime coordinates is not known. However, the 3-manifolds
whose geometry satisfies the gravity equations are known, since Mess has described [12] the
general solution of (2+1) gravity, the geometry of the corresponding asymptotic states has
been studied in Ref.[13] and the physical interpretation of the mathematical construction of
Mess has been developed by Meusburger [14].
Each Ricci flat 3-manifold M with topology Σg × R, where the closed two-dimensional
spacelike surface Σg has genus g > 1, describes an expanding (or contracting) universe.
The presentation of these spacetimes that has been produced by Mess is based on a purely
geometric construction, so there are no meaningful formulae to be reported here. For the
purposes of the present paper, only a brief description of the main features of the classical
spacetime geometry needs to be given. With respect to the gauge-invariant time parameter
—the cosmological time [15]— which measures “the length of time that events in M have
been in existence”, at the initial singularity spacetime degenerates into a codimension 2
real tree [13] that identifies a particular set of translation elements which belong to the
inhomogeneous component of ISO(2, 1), whereas the geometry of spacetime in the large
time limit is determined by a subgroup Γ of SO(2, 1) ⊂ ISO(2, 1) that defines the hyperbolic
structure of the space surface Σg ≃ H/Γ, where H denotes the hyperbolic plane. This means
that the wave functions which describe of the initial asymptotic states and the wave functions
of the final asymptotic states depend respectively on the proper values of conjugates variables.
The spacetimes described by Mess give the physical interpretation of the semiclassical
approximation of the quantum states of the gauge ISO(2, 1) Chern-Simons field theory in
the large quantum numbers limit. All these spacetimes have indeed a nontrivial cosmological
evolution in which the semiclassical transition connects asymptotic wave functions whose
properties match the Chern-Simons vacuum structure described in the previous sections.
To summarize, in the topological Chern-Simons quantum field theory in the Landau
gauge, the vacuum structure gives origin to a representation of the fields operator algebra
which is not a ∗-representation. In the field theory perspective of the generalized Bogoliubov
transformations (29), the interplay between the different representations for creation and
annihilation operators —that have been described in the previous sections— is relevant for
the description of the structure of the asymptotic wave functions; this structure implies a
nontrivial “cosmological evolution” of the quantum states in the semiclassical approximation.
Acknowledgments. I wish to thank M. Mintchev and L.E. Picasso for useful discussions.
Appendix A Let us consider the C∗-algebra presentation [16] of quantum mechanics and the
main steps of the GNS construction [17,18], which clearly show how the algebraic relations
14
among the operators control the operator algebra representations. In order to simplify the
exposition let us consider —instead of a real C∗-algebra— the algebra D which is generated
by the powers of a− and a+ modulo the relation [a−, a+] = e where e denotes the unit
element of D. The star involution of D is fixed by a∗− = a+ and a∗+ = a−. Each element
d ∈ D can unambiguously be written in the canonical form
d = d00 e+
∑
n≥1
d0n a
n
− +
∑
n≥1
dn0 a
n
+ +
∑
m≥1
∑
n≥1
dmn a
m
+ a
n
− , (A1)
with complex coefficients {d00, d0n, dn0, dmn}. Let us consider the pure state which is defined
by the positive linear functional Ω : D → C that, when d ∈ D is expressed in the canonical
form (A1), is given by
Ω : d→ Ω(d) = d00 . (A2)
The left ideal IL of the elements d ∈ D such that Ω(bd) = 0 for any b ∈ D is given by
IL = Da−. The linear space V− of the classes of D/IL contains the elements |(d00 e +∑
n≥1 dn0 a
n
+)〉. The canonical action of D on V− is given by a|b〉 = |ab〉; therefore
|(d00 e+
∑
n≥1
dn0 a
n
+)〉 = (d00 e+
∑
n≥1
dn0 a
n
+)|e〉 , (A3)
where the vector |e〉 ∈ V− satisfies
a− |e〉 = 0 . (A4)
Similarly, the right ideal IR of the elements d ∈ D such that Ω(db) = 0 for any b ∈ D
is given by IL = a+D. The linear space V+ of the classes of D/IR contains the elements
〈(d00 e+
∑
n≥1 d0n a
n
−)|. The canonical action of D on V+ is given by 〈b|a = 〈ba|; then
〈(d00 e+
∑
n≥1
d0n a
n
−)| = 〈e|(d00 e+
∑
n≥1
dn0 a
n
−) , (A5)
where the vector 〈e| ∈ V+ satisfies
〈e| a+ = 0 . (A6)
The linear space V− can be identified with the space of ket vectors of a quantum system,
whereas V+ corresponds to the space of bra vectors. The pairing V+× V− → C is defined by
〈a|b〉 = Ω(ab) . (A7)
A basis in V− is given by the set of vectors {|n〉 = (an+/
√
n!)|e〉} (with n = 0, 1, 2, ...);
similarly, the vectors {〈m| = 〈e|(am−/
√
m!)} form a basis in the space V+, and 〈m|n〉 = δmn.
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